ABSTRACT. We consider canonical polynomial truncations of hypergeometric functions over the finite field F p , for primes p → ∞. For these truncations, we obtain bounds for the number of roots of various modulo p congruences, which represent rational point counts where methods from classical algebraic geometry fail. Via a correspondence to families of elliptic curves, we obtain sharp bounds in some cases. We show that these truncations are also associated with certain surfaces, which we prove are K3. By a modification of methods from transcendence theory, we obtain a power saving for a large natural class of the parameter values within an algebraic closure of F p for the Kummer hypergeometrics. Some computations are included to illustrate and supplement our results.
Introduction
In [GW15] , we considered the following problem in modular arithmetic: Given a prime number p > 3 and a power series F(x) = ∞ n=0 a n x n with rational coefficients, suppose that there is an integer N as large as possible, but not exceeding p − 1, such that the polynomial F N (x) = N n=0 a n x n is well-defined over the prime field Mit'kin (E(x) and L(x)) and independently, Heath-Brown (L(x)) showed that the number of roots in F p is bounded by O(p 2/3 ) as p → ∞ . For each k ≥ 2, examples of F are given in [GW15] , for which the congruences have o(p) solutions, for any given m, and in some cases a power saving is attained (see [GW15] for a more complete discussion and references).
In this paper, we explore this question by considering the hypergeometric functions and their truncations. In much of what follows, we shall consider hypergeometric functions with rational parameters, with the exception of Section 8 and Theorem 1.4 below, where it is natural to take parameter values in where (a) n = a(a + 1) · · · (a + n − 1) is the Pochammer product. The Kummer hypergeometric function 1 F 1 is defined similarly. We will evaluate these functions with parameter values arising from geometry: For the functions 2 F 1 and 3 F 2 , these parameters give rise to non-cocompact arithmetic groups as the associated monodromy groups, and for 1 F 1 , the parameters will be precisely those analogous to non-integers over F p .
In the definition (1.0.1) of the hypergeometric function, if the α i 's and β j 's are rational numbers between zero and one, then there is a natural truncation of the given hypergeometric function F for any prime integer p > 2, which we will denote by F (p) (see Section 3 for details). These truncations are polynomials with degree N where N ≤ p −1 and N p ∼ r as p grows, with r a positive rational number that depends explicitly on the parameters of the hypergeometric function, via the residue classes of p modulo these parameters. A classical example is the Hasse polynomial H p (x), which is obtained by truncating 2 where h(−p) is the class number of Q( −p) [BM04] . Since this example forms the basis of the geometric arguments which follow, we give a detailed explanation here. Consider the Legendre family of elliptic curves y 2 = x(x + 1)(x + λ) over F p with λ = 0, −1 (mod p). For each curve in this family determined by a λ, we let n p (λ) denote the number of F p -rational points, so that a p (λ) := n p (λ) − p − 1 satisfies the Hasse estimate |a p (λ)| ≤ 2 p. It was shown by Igusa (as well as Manin and Dwork) that a p (λ) ≡ (−1) ( On the other hand, if |m| < 2 p, Deuring [Deu41] showed that the number of such isomorphism classes for the family y 2 = x 3 + ax + b with parameters a and b is essentially equal to the Hurwitz-Kronecker class number H(m 2 − 4p) of an imaginary quadratic field (the classes counted up to a weight of 1/|Aut(E)|). From this we deduce an upper bound for the number of such isomorphism classes restricted to our 1-parameter family (see Section 7) so that the number of solutions to the congruence 2 F is O H(m 2 − 4p) . Then using Proposition 1.9 of Lenstra [Len87] we conclude that the number of roots in F p of the congruence is at most O p log p(log log p) 2 for |m| < 2 p and is zero otherwise. Since the m's are concentrated in a narrow range, it is clear that there are congruence classes m for which the root count exceeds ε p for p large enough, so that the upper bound is quite sharp.
The goal of this paper is a study of examples of truncated functions, arising naturally from geometry, for which one can obtain (sometimes sharp) bounds for the number of roots of the associated congruence. In Section 5, we consider three other families of elliptic curves apart from the Legendre family, which give rise to truncations of 2 F 1 a b , 1 − a b ; 1, λ with b = 3, 4 and 6. Various classical transformation formulae are used in Section 4 to find analogous formulae over F p , which give relations between truncations of hypergeometric functions. The classical Clausen formula yields truncations of certain 3 F 2 hypergeometrics, which are then associated to four families of K3 surfaces. We apply the same argument using Deuring's theorem to the three elliptic families to deduce, using the transformations formulae, bounds for the number of roots for congruences of the type F(x) ≡ m (mod p). We note that due to the nature of the classical transformations, it is sometimes necessary to restrict the variables x to certain subsequences, and thus in some cases one may only conclude a bound for m = 0. We obtain non-trivial results for truncations of thirteen 2 F 1 and four 3 F 2 hypergeometric functions. The following Theorem and Corollary give these. 1 (α, 1 − α; 1, x) and let X p denote the quantity p log p(log log p)
2 . Then for any m satisfying |m| < 2 p, the congruence Q ≡ m (mod p) has O X p solutions for all p sufficiently large. Otherwise, the congruence has no solutions. Moreover, there are m's such that the corresponding congruences have more than ( 1 4 − ε) p solutions for sufficiently small ε > 0. For all the cases there are m's such that the corresponding congruences have more than ε p solutions for sufficiently small ε > 0.
Remark 1.3. In [AOP02] , a pairing of an elliptic family and a K3 family is considered to determine when elements of the K3 family are modular. A transformation formula was determined independently of the classical formulae. In the Appendix, we provide a separate proof of such a transformation formula over F p . The analysis in [AOP02] uses character sums, while our exposition for congruences is simpler, using binomial coefficients. A consequence is that the classical Clausen formula follows from that of the prime field case (see Remark 6.3). We expect that such equivalences are true for all of the formulae considered in Lemma 3.5.
We give some sample plots for the distribution of N p (m), the number of roots of F ≡ p m against m, with m in appropriate ranges. Our computations have p relatively small due to the time it takes to complete them (as the degrees of the polynomials are quite large), primarily on a PC, and so we do not make any extravagant suggestions.
We see a rather singular behavior shown by Theorem 1.1 for the first four hypergeometric functions where the value distribution modulo p mimics the value distribution of the Hurwitz-Kronecker class numbers, as illustrated in Figs. 1 and 2. In Fig. 1 we plot N p (m) against m together with the histogram for the distribution of N p (m), whilst in Fig. 2 we plot H(m 2 − 4p) against m and its histogram. The monodromy groups associated with the 2 F 1 hypergeometric functions appearing in Theorem 1.1 and the Corollary are equivalent to the nine non-cocompact arithmetic triangle groups (see [Tak77] ). In Fig. 3 , we see an example where the distribution is more spread out but with a concentration again in a short range.
• By [FMS14] , there are six (orthogonal, quasiunipotent) arithmetic hypergeometric groups, of which four fix isotropic forms while two fix anisotropic forms (see the Table  2 and the Appendix of [FMS14] ). The four 3 F 2 's in Corollary 1.2 have monodromy groups equivalent to these four hypergeometric groups, and each have an associated fundamental domain that is non-compact. The value distribution of these truncated functions is illustrated in Fig. 4 ; computationally, we find that the value distribution of the truncated hypergeometric functions associated with the two anisotropic forms have a different behavior, akin to the pictures in Figs. 5 and 6 (the associated fundamental domains here are compact).
It appears that Fig. 5 represents the generic situation in many computations we have done. One might venture to guess, by looking at the graph in Fig. 5 that in these cases the maximum value for N p (m) is bounded (independently of p), but we suspect that it is more likely growing but perhaps at a rate much slower than p ε (for algebraic hypergeometrics, it might well be bounded). (Fig. 6 ) appears to be exponential in nature (so that we expect the maximal value for N p (m) to be log p in this case).
In Figures 7 and 8 Figure 6 , we plot the ratio M p /H p with p varying in the same range, but distinguishing the congruence classes modulo 4.
We now turn to hypergeometric functions for which the geometric method above is not available so that for these we use auxiliary polynomials as in transcendence theory (Stepanov's method). This approach(see [GW15] for example) has two distinct parts:
(1) the construction of auxiliary polynomials in many variables (of not too high degrees); and (2) after specialisation, the non-vanishing of such polynomials, for which we need a form of algebraic independence of the truncated hypergeometrics and their derivatives over F p . This latter problem is quite difficult, and the bounds obtained are not very sharp. However its advantage is it generality, and in some cases allows us to save a small power of p, as we obtained in [GW15] for the truncation of the Bessel function. In this vein, we show that a power saving is also possible for Kummer hypergeometric function 1 F 1 α; β; z = ∞ n (α) n (β) n z n n! , for which we do not have an analog of the method using elliptic curves. Theorem 1.4. Let p be a sufficiently large prime number, let α ∈ F q (q = p m ) such that α ∉ F p , and let β be a fixed rational number. Then there is a bounded integer k ≥ 1, determined by α, β and p, and an effectively computable constant κ > 0 such that the number of solutions in
and α, α − β ∉ F p , then we may take k = 1. (depending on p ≡ ±1 (mod 6)) and we take k = 3. Example 1.4.2. Let α, β ∈ F q such that the sets {α + a | a ∈ F p } and {β + a | a ∈ F p } are disjoint. Then 1 F (p) 1 α; β; x has degree p − 1 and so we take k = 1.
The proof differs from that given for the Bessel function in [GW15] , where an adaptation of methods from transcendence theory was used to count roots of the truncated has at most a bounded number of solutions for each m, with at most one possible exceptional value m = m 0 . For the exceptional m 0 (if it exists), all except a bounded number of elements x ∈ F p are solutions, upon which the congruence F p (x) ≡ p m has no solutions, except for a bounded number of values of m.
If we put F(x) = 1 1−x , so that for k = 1 we have F p (x) = p−1 n=0 x n , it then is clear that the Proposition holds with the exceptional m = 1. There are cases where one can prove the analogue of Proposition 2.1 for truncations of algebraic power series.
Example 2.1.1. For d ≥ 2, v ≥ 1 and 1 ≤ u ≤ v, consider the algebraic generalised hypergeometric functions
It is easily checked that the nth coefficient of the Taylor series about x = 0 is equal to
Let p be any prime number such that p ≡ 1 (mod dv). Then for 0 ≤ n ≤ E with
. Truncation of the hypergeometric function at E and denoting by F (p) (x) the resulting polynomial gives
parameters are rational numbers. We shall consider only hypergeometric functions of the type
For any odd prime p sufficiently large so that p does not divide a i b i , for all i, we observe that (α i ) m ≡ p 0 implies the same for all n ≥ m. Thus for the numerator and denominator values α i , we seek the largest N ≤ p − 1 such that (α i ) N is not divisible by p. This is equivalent to determining the smallest n i such that a i + n i b i ≡ p 0. If b i = 1, we take n i = p−a i . Otherwise, for b i > 1, let u i be the smallest positive residue of a i p modulo b i . Then the requisite n i is given by
(note that 1 ≤ n i ≤ p − 1). Therefore, the natural truncation must occur with m ≤ N where N = min i n i , the minimum of all of the values of n i determined by all of the parameters. It follows that there exists a parameter 6 . In everything we consider henceforth, we will use this natural truncation. For a hypergeometric function F and a (sufficiently large) prime number p, we will denote the natural truncation by F (p) , where the degree N as determined above is implicit.
We now state some results that will be used in later sections.
Here and in what follows, p is any odd prime, and D = p−1 2 .
Lemma 3.1. Suppose that a and b are non-negative integers satisfying 0 ≤ a + b ≤ 2D. Then
Proof. This follows from the identities
Taking a = 0, we obtain:
Corollary 3.2. For each integer s with 0 ≤ s ≤ 2D, we have
The result follows.
If a and b are integers with a, b ≥ 0, we define
The following characterisation of S(a, b) will be important for rational point counts.
Lemma 3.4. Suppose that a and b are integers with a, b ≥ 0.
Proof. By definition, we have
If α is a non-negative integer so that 2D α, then x∈F p x α ≡ p 0. If on the other hand 2D|α and α ≥ 1, then x∈F p x α ≡ p −1. Also trivially if α = 0, then x∈F p x α ≡ p 0. As 2D a, it follows that a + j ≥ 1. This proves (i). For (II), if a + b < 4D, then 2D|(a + j) in the sum implies that a + j is equal to 0 or 2D. The sum is zero at j = 0, so we only need consider the case a + j = 2D. The result then follows from the previous arguments.
We state some classical transformation formulae for 2 F 1 and 3 F 2 hypergeometric functions as follows.
Lemma 3.5.
(I) Euler:
Using m! We now transform z → y −3 z, x → y −2 x. This yields y −6 z 2 = y −6 x 3 + y −4 1 + λ (y + 1) 2 y x 2 + y −2 λ (y + 1) transforms the equation of E λ 1 into that of E λ 2 [Sil86] . As E λ 1 and E λ 2 lack any linear terms in y (i.e., the curves are in simplified Weierstrass form), this criterion reduces to finding a, b ∈ F p , again with a = 0, which satisfy the three identities (7.0.1) 2a 2 = 2 + 3b, In particular, equation ( This implies that ( λ 1 λ 1 +1 ) 2 = 0, and hence that λ 1 = 0. This is impossible, as by definition, λ ∈ F p \{0, 1} for each member of the family {E λ }. Thus λ 2 is uniquely determined by λ 1 and the value of b. It follows that each E λ 1 ∈ {E λ } is F p -isomorphic to at most two other curves in the family {E λ }. (II) {E λ,b }, b = 2: This is precisely the family of Legendre elliptic curves. Thus according to the j-invariant, there exist at most 6 elements of this family in a given F p -isomorphism class. See also [FW11] , which calculates precisely the number of classes of F p -isomorphic curves for this family (their calculation is also valid over Together, equations (7.0.9) and (7.0.10) imply that (7.0.12) (1 + 3b) 2 λ 2 = λ 1 + 2b + 3b 2 .
The intersection of the cubic (7.0.11) and quadratic (7.0.12) yield solutions λ 2 = λ 1 and λ 2 = 1 − 13λ 1 + 36λ 2 1 ± 1 − 4λ 1 (1 − 3λ 1 ) 2(2 − 9λ 1 ) 2 .
It follows that there are at most 3 curves in this family belonging to the isomorphism class of a particular E λ 1 ,4 over F p . (V) {E λ,b }, b = 6: This family is given by E λ,6 : z 2 = x 2 (x + 1) + λ = x 3 + x 2 + λ.
As in previous cases, two members E λ 1 ,6 and E λ 2 ,6 of this family are isomorphic over F p if, and only if, there exist a, b ∈ F p with a = 0, so that a 2 = 1 + 3b, 0 = 2b + 3b 2 , a 6 λ 2 = λ 1 + b 2 + b 3 .
Together, these imply that λ 2 = λ 1 or λ 2 = − 4 27 − λ 1 . It follows that there exist at most two members of the family {E λ,6 } in a given F p -isomorphism class.
For a family F of elliptic curves, we denote by C F p (F ) the number of elements of F in a given F p -isomorphism class. By the previous arguments, we have obtained the following:
Lemma 7.1.
(I) The elliptic family {E λ } of (5.3.1) satisfies C F p ({E λ }) ≤ 3. (II) The elliptic families {E λ,b } (b = 2, 3, 4, 6) satisfy (i) C F p ({E λ,2 }) ≤ 6, (ii) C F p ({E λ,3 }) ≤ 13, (iii) C F p ({E λ,4 }) ≤ 3, and (iv) C F p ({E λ,6 }) ≤ 2.
As noted in Section 1, one might be able to prove even sharper bounds than those given in Lemma 7.1. We now give the proof of Theorem 1.1.
Proof of Theorem 1.1. By Proposition 1.9 of [Len87] , following Deuring [Deu41] , if a ∈ Z satisfies |a − (p + 1)| ≤ 2 p, then
Elliptic curves E such that E(F p ) = a / ∼ F p ≤ c p log p(log log p) 2 ,
for an effective constant c. Let α = 1 b , with b = 2, 3, 4, 6. By the arguments of section 5, we have, up to multiplication by −1 and a constant multiplier on λ depending only on b, that 2 F (p) 1 (α, 1 − α; 1; λ) is equivalent modulo p to the counting function for E λ,b . Hence the result of Deuring and Lenstra may be applied to the value sets of 2 F (p) 1 (α, 1 − α; 1; λ). By Lemma 7.1, the number of elements of {E λ,b } in any F p -isomorphism class is bounded by an absolute (and effective) constant. Thus the value sets of 2 F (p) 1 (α, 1 − α; 1; λ) are bounded by c p log p(log log p) 2 , for an effective constant c depending at most on b.
We may now give a proof of Corollary 1.2.
Proof of Corollary 1.2.
with R,Q 0 , . . . ,Q m−1 ∈ L , a field of analytic functions (over C) which is closed under differentiation. As in [Shi11, Lemma 11, §6] , if P ∈ L [x 1 , . . . , x m ] and P(y 0 , y 0 , . . . , y (m−1) 0 ) = 0, then there exists a solution y * to (8.0.2) such that the terms P s of highest total degree in P satisfy P s (y * , y * , . . . , y * (m−1) ) = 0. Theorem 1.4 is the case m = 2 over F p . If m = 3, then the solution y * satisfies a Riccati differential equation in terms of P.
It is very interesting to consider whether results of this type hold for differential equations of order greater than two. We now let v = D − u and interchange the sums, which yields 
